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CHMMETPHUA TEOMETPHYECKHUX ®UTYP
U I'PYIIIBI IBUKEHHUH IIJIOCKOCTH
Ha puc. 1 n3obpaykeHbI: ¢) paBHOOEAPEHHELIH TPEYTrOJLHUK, §) paB-

HOCTOPOHHHHN TPEYrOJbHUK, 8) IPAMOYITOJbHUK, 2) KBaapar, 0) mapaj-
JIeJIOTPAMM H €) IITeCTUYTOJLHUK,

MMOJVUeHHELIHA 13 PaBHOCTOPOHHE-
ro TPeyroJbHHKA Cpe3aHueM ero
BEPIINH «HANCKOCOK». DBce sTtm
a) 6)

¢$uUrypsl 06J1a8a10T KaKoii-TO CUM-
MeTpueint. MOMXKHO JH CKasaThb,
YyTo OZHA HN3 3THX ¢Puryp 00-
jlee CHMMETPHUYHa, 4eM apyrasa?
W uTo OBI 5TO MOIJIO O3HAYATH?

MeI roBopum, UTO ILJIOCKAs

¢urypa F cuMMeTpUYHA, €CJIH CY- 2) d) €)
IIeCTBYeT HeTpuBHajIbHOe (T. e. Puc. 1
OTJIMYHOE OT TOXKJAECTBEHHOTO)
IBUKEeHUE ILNTIOCKOCTH, Iepepoasiiree purypy F B cebsa. To HACKOJIBKO
¢durypa F cuMMeTpUUYHA, OIpEAesseTcid COBOKYIIHOCTBIO BCE€X TaKHUX
aBmokennii. Hanpumep, paBHOOeApPeHHLIH TPEYTrOJbHHK IEPEeXOJUT B
cebs1 IIpH OTPaKeHHNM OTHOCUTEJLHO €r0 BBICOTHI, a PABHOCTOPOHHHHU
TPEYTOJbHUK IIePeXOoauT B cebs mpHu OTPaAKeHUAX OTHOCHUTEJLHO BCEX
ero BBICOT, a TaKJsKe IpH MmoBopoTax Ha yrasl 2rn/3 u 4rn/3. IlosTomy
PABHOCTOPOHHUI TPEYTOJLHUK, HECOMHEHHO, 00Jee CHMMETpHUYEH, UeM
IIPOCTO PaBHOOEAPEHHBINA.

CoBoxynHocTs Sym F1) Bcex ABMsKeHHil, mepeBoganiux Gurypy F B
cebs1, HA3BIBALTCA Zpynnoil cummempuu Gurypsl F. 9ta COBOKYIHOCTD,
OUYeBHUAHO, 00JaaeT CJIeAVIOIMMU CBONCTBAMIH:

1) OHa comep:KUT TOKASCTBEHHOE Ipeobpasosanue id ?):

id = SymF.

2) Ecau asuskeHue ¢ nepeBoAuT GUrypy F B cebs1, To 1 00paTHOE eMy
ABMsKeHNe ¢~ ! mepeBoguT €é B ceba:

o= SymF = ¢ l=SymF.

3) Ecau ¢ u ¢ nepesoasar F B cebs1, TO UX IPOU3BeieHAE — TaKOe ABU-
xeHue @ o ¢, 9To (¢ o P)(x) = @(d(x)) (T. e. pesyabTAT IIOCIEAOBATEILHOTO

1y Or arra. «symmetry» — cuMmMeTpns.
2) Or argra. «identity» — TosxaecTBeHHOCTH, HAEHTHYHOCTE.,



BLIITIOJHEHNA NBUKEeHUI c[) U @: CHadaja c[), 3aTeM () — TOKe IlepeBOguT F
B ceds:

p=SymF, =SymF = ¢@odeSymF.

Bcakoe MHOKeCTBO ABHIKEHHH IIJIOCKOCTH, 00Jamaloiee STHMH Tpe-
Ms1 CBOMCTBAMHU, HA3BIBAETCSA 2PYNRNOll 08uNceHUllL.

PaccMoTpuM BCEBOBMOMKHBIE ABHMIKEHUSA IIJIOCKOCTH: IIOBOPOTHI, IIa-
paJieibHbIE IIEPEHOCH, OTPAKEHHUA...

Teopema I. Bce aBmykeHHs IJIOCKOCTH, IIePeBOAAIINE B cebs orpa-
HHUYEHHYIO Qurypy (HampumMep MHOTOYTOJIBHUK), OCTABJAIOT HA MeCTe
HEKOTOPYIO TOUKY.

IHNoxasaTteambcTBO. Becakoe asukeHue, mepenoasiiee B cedsa (-
rypy F, ocTaBisgeT HA MeCTe IEHTP TAMXKEeCTH 9TOoi GUrypsl. O

BcesencerBue sToro 6yaeM B JaJbHEHIIIEM pacCMATPHUBATh TOJBKO JBH-
JKeHHs, HMEIOII[He HeIIOABIKHYIO TOUKY.

Teopema II. Becakoe asuikeHMne MJIOCKOCTH, OCTABJIAIOINEE HA MECTe
TOYKY, €CTh 100 moBopoT 11, Ha yroa o BOKPYT 9TOH TOUKH, JINO0 OTpa-
sxeHHe R, oTHOCHTE/ILHO IIPAMOIL [, IpOXoaAIell uepes 3Ty TOYKY.

3ameuanue. Iloa moBOpoTOM Ha MOJOMKUTEIBHBIN YTOJ o IIOHH-
MaeTcsI IIOBOPOT Ha VroJ & B MOJIOMKHTEJIRHOM HaNpaBJeHHH, KOTOPLIM
OOBIYHO CUNTAETCS HAIIpaBJIeHHE IIPOTHUB YacOBOM cTpeaKku. MoyKHO mpea-
IOJAaraTs, 4To & < 2n, HO yAoOHO onpeaeanTs 11, nia amoboro a > 0, cun-
tas, uto 11, =11, . Y10o0HO Takxke onpeneanTts 11, Kaxk ToKAeCTBEHHOE
nmpeobpasoBaHue u ll, mpu OTPUIATEILHOM & KAK IIOBOPOT HA YTOJI || B OT-
pHUIATEeILHOM HanpasaeHuu. llpm srom 6yaer Bepuo, uto Il ., =11, ansa
Jr060ro a. Beakuii moBOpOT MOSKHO OZHOSHAUHO IPeJCTaBUTE Kak 1], rae
—n<a< (a0 < a<2x).

HorasaTeabcTBO TeopeMbl II. JlBu:keHne OAHO3IHAUHO OIIpe-
neasieTcs o0pasoM KaKHX-JIN00 TPEX TOUEK, He JIeKANTUX Ha OAHOI mps-
Moii. IlycTe gBuoKeHUe @ OoCcTaBasgeT Ha MecTe TOUKY O. Bo3pMéM Karyio-
anbdo Toury A, oTanuHyio oT O, 1 TOURY B, He jgexairyio Ha npsamon OA.
IIycte @(A) = A’ u @(B) = B'. O6o3uauum yroa AOA’ uepes o (CO 3HAKOM
ILJIIOC, eCaH mOBOPoT oT OA K OA’ mponcXoAUT MPOTHUB YAaCOBOH CTPEJIKH,
M CO 3HAKOM MHUHYC — B IIPOTHUBHOM ciaydae). Tak Kak TpeyrojbHHUKHU
OAB n OA’' B’ paBHBI, TO BO3MOXKHBI JINIIL ABA CJy4as, N300paKEéHHBIE HA
puc. 2. B mepsoMm ciydae ¢ — IIOBOPOT Ha yroJ « BOKpyr Touku O, BO
BTOPOM — OTPaKeHHe OTHOCHUTEJBHO OHcCeKTpuchH yriaa AQA’. O

4



CocTaBum TabJAHIY VMHOMKEHNUA ABUKECHNAHN, HMEIOITHX OOIIYIO HEello-
IBHKHYIO TOUuKY O.

Puc. 2

IlociepoBaTenibHOE BBITIOJIHEHIE ABYX ITOBOPOTOB — 3TO TO Ke, UTO

BLITIOJIHEHHE ITOBOPOTA HA CYMMAPHELIHN YI0JI, IIOSTOMY
HaoHp =Ha+p- (1)

Ecan nmepeMHOMKHUTE OTPaKeHNe OTHOCHTEJILHO HeKOTOPOH IIPAMOI1 [
H IIOBOPOT HA YTOJ o, MOJAYUYUTCA OTpaskeHue. [elNCcTBUTEJABHO, IIOBOPOT
COXPAaHsET OPUEHTAILHIO ILJIOCKOCTH, 4 OTPAKeHNE MEHSET eé: eCJId 3aJaHa
OKPYKHOCTH 1 HallpaBJeHUIe eé 00Xo04a, TO IIPH IIOBOPOTE 5TO HaIIpaBJe-
HIe COXpaHseTCs, a IIPA OTPAsKEeHHUN — HU3MEHSIeTCs Ha IIPOTHUBOIIOJIOMK-
Hoe. Ecin cuauasa czenaTh npeoOpasoBaHie, MEHSIOIIEe OPUEHTAIIIIO, a
IIOTOM IIpeodpasoBaHne, COXpPaHAIIee OPHUEHTAIIHIO, B Pe3yJabTaTe OpHU-
€HTAIN IIJIOCKOCTH U3MeHuTCA. Takum odpasomM,
IIPON3BeAeHNE OTPAKEHHU 1 IIOBOPOTA €CTh OTpa-
sKeHHe, 11 OCTAETCA IMOHATh, OTHOCHUTEJILHO KaKOoN
IIPAMOI.

PaccmoTpum npamyio I, KoTopas moaydaeTcs
M3 IIPSAMOH [ IOBOPOTOM Ha yroJ «/2, M IpIMYIO
I, xoTopas moJay4aeTcs IOBOPOTOM Ha yroa —a/2
(puc. 3). BospMéM IPOMBBOJBHYIO TOUKY HA IIPs-
Mol I! m oTpasum eé oTHOCUTEeAbHO [. MblI mosyuyum Puc. 3
TOuKY Ha npamoii I”. IIoBepHYB 3Ty TOUKY Ha YIOJI
o, MOJYYNM HCXOAHYIO TouKy. TaK, TOuku nIpaMoil ! HemoABHKHEI IIPH
3TOM IIpeo0pasoBaHIN. J3HAYNUT, 9TO IIPeoOpa30oBaHNEe €CTh OTPasKeHIe
oTHOcUTeabHO npamoi I'. Urax,

HG.ORZ =sz- (2)
Tenepb HepeMHOH{HM Te e IBHXKEeHHNA B ,ﬂ;pyPOM IIOpH,II;Re. EC.T.[H
TOqRY HpﬂMOﬁ l” l'IOBepHyTI: Ha yPO.T.[ *L, a 3aTeM OTpaSHTb OTHOCHTeJIBHO
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npsaMoi [, OHa BepHETCS Ha MEeCTO, IO3TOMY
Rl O ch = RZH . (3)
IIponssenenne AByx orpaxennit R, u R,, — 3To moBopoT: ecan asa-
SKABI H3MEHHUTL OPHEHTAINIO IIJIOCKOCTH, B Pe3yJIbTaTe OHA He N3MEHUTCH.
OcraéTrcst onpeAesuTh YroJ IMOBOPOTA, a AJS 9TOTO AOCTATOUHO IIPOCJe-
IUTH 3a OAHOH TOouKoM. IIyCcTh yroa Mexay nmpAMBIMHU [ BT m paBeH <.
PacecmoTrpuM TOouky Ha nmpamoit [. IIpu orpake-
HHH OTHOCHUTEJBLHO [ OHa OCTAaHEeTCaA Ha MecCTe, a

IIPH OTPaKE€HNN OTHOCUTEJBHO M — OKaKeTCHA Ha
IIpsIMOii, oOpaasyioiei ¢ [ yroa 2« (puc. 4). Takum

obOpasomMm,
R, o R, =1l,,. (4,)
I Bamerum, uTO TAKUM ke 0GPAZOM MOKA3BIBAETCS,
YTO
Rl © Rm = H—2a' (42)

reyanel C, 1D,

I'pynna C, — »T0 rpymnmna nNoBOPOTOB BOKPYT HEKOTOpo Touku O Ha
yrJbl, KpaTHble 2n/n, T. €. Ha yrabl BuAa 2nk/n (MOXKHO CUHTATBH, UTO
k=0,1, .., n—1: ecinn k yBeJINUNTDh UJIN YMEHBLIINUTD HA 1, IMOJAYUNTCHA
TaKOH JKe IIOBOPOT).

Puc. 6

I'pynna D, cocTOUT U3 BCeX MOBOPOTOB, BXoAAIuX B C,, U n OTpaxe-
HUl OTHOCHUTEJIBHO IPIMBIX, IPOXOAAIINX depesd TOUKY O 1 00pasyomninx
pasbueHne MOJIHOIO yIJa Ha yIJbl, paBHBIe ©t/n (puc. 5). I'pynna D, co-
BIIQJAET C I'PYINOHA CHMMETPUH IIPABUJIBHOTO I-YTOJBHHUKA C IIEHTPOM B
Touke O. Hanpumep, rpyinna CMMMETPHH IPABHJILHOTO IITECTHYTOJNBHIKA
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COCTOUT M3 IIIeCTH IIOBOPOTOB HAa VIJIBI, KPaTHBIE ®/3, 1 IIIECTH OTPaKe-
HHHA — OTHOCHUTEJIbHO IPSAMBIX, IIPOXOIAIINX Yepes3 IIPOTHBOIIOJIOKHbBIE
BEPIINUHBI, A IPAMBIX, IIPOXOIAAIINX Uepes cepeIHbI IPOTUBOMOJIOKHBIX
CTOPOH STOTO IIIECTHYTOJAbHUKA (puc. 6).

Yucio 5/1eMeHTOB KOHEeUHOH Irpyinbl G HasbIBaeTCA e€é nopadKom u
obosHauaetrcs |G|. Takum obpaszom,

IC,|=n, |D,|=2n.

Teopema III. Becsakaa KOHeUHAA TPYIINA ABHMKEHHUHN IIJIOCKOCTH, CO-
XPaHSIOINUX HEKOTOPYIOo Touky O, ects aubo C,,, mudo D, Aas HEKOTO-
poro HATYPAJIBLHOTO 1.

HorasaTteabrcTBO. llpeamososkuM BHAUAJE, UTO HAIIA IPYIIAa
(Has3oBEM e€ () COCTOUT TOJBKO 13 ITIOBOPOTOB, U IYCTh & — HAWMEHBIITHH
IMOJIOXKUTEJIbHBIN YT0JI, IIOBOPOT HA KOTOPLIA npuHagiaexutT G. QueBua-
HO, 4TO rpynna GG CoOAep»KHUT IMOBOPOTEI HA BCe YIJIBI, KpaTHbie o. [oka-
sKeM, UTO OHA He COAEeP:KHUT HUKaKUX APYTHUX MOoBOPoTOB. IlpeAmonoxum
MIPOTHUBHOE, & UMEHHO IIyCTh (G COAeps;KUT MOBOPOT Ha yrou [3, He KparT-
HbIl «. 1Ipencrasum yroa S B Buge 3 =ka+v, rae k — mejioe 4nucjuao, ay —
TMMOJOKUTEJIBbHBIN YTOJ, CTPOTO MEHBIINH &. IIOCKOJIBKY H.r = Hp o Hgi,
IIOBOPOT HA YroJ ¥ TaKkKe IPHHAAJIEKHUT rpynne G, HO 9TO IPOTHBOPEUUT
TOMY, UTO & — HANMEHBIIIHI IIOJOKUTEIbHBIN YT0JI, IIOBOPOT HA KOTOPHIM
npuHaaiae:xutT rpyune G. Taxum obpasom, rpymnna G cogep:KUT TOJBKO
IMOBOPOTHI HA YIJIBI, KpaTHbIe &. B 4acTHOCTH, MOCKOJBKY (G COAEpP:KUT
IIOBOPOT HA YTOJI 27 (ABASIONIHNACS TOMKJAECTBEHHLIM IIpeobpasoBaHHEM),
TO 2% = na AJA HEKOTOPOrO HATYPAJBLHOTO 11. ITO 03Hadaert, uto G=C,.

I1ycTh Tenmeps rpyuna G cogep:KuUT oTpaskeHmnsi. Bce MOBOPOTEI, IIPH-
Haajexkanine (G, 00pasyioT rpynny ABHKEHHUH — T. €. COBOKYVIIHOCTD 3TUX
IMOBOPOTOB obuiagaer cpoicrTBaMu 1)—3) (cM. ¢. 3), — KoTOpasa o JoKa-
3aHHOMY €cThb rpynna C,, Ajas HeKOTOpOro HaTypaiabHOro 1. Ecau rpynna
G COIepKUT OTpaKeHMe OTHOCHUTEJIbLHO HeKOTOpOi npaMoii I, To, coraac-
HO (popmyie (2), OHa COAEP:KUT TaKsKe OTPaKeHIs OTHOCHTEJILHO BCeX
IPAMBIX, 00pasyioImux ¢ [ yriel, KpaTabie ®/n, T. €. G COAEPKUT TPYII-
oy D,. C apyroi cTopoHsl, ecau (G COAEPIKUT OTPAXKEHIe OTHOCUTEIBHO
npamoi m, obpasymwoeii ¢ [ yroa [3, To, corimacHo popmyne (4,), oHa co-
Aep:KUT IOBOPOT Ha yroia 2B, OTKyZa ciaeAyeT, 4TO yroJ [3 KpaTeH n/mn.
Taxum obpasom, G=D,,. O

B yacTHOCTH, IPYNIIa CHMMETPHH JIO00T0 MHOTOYTOJIBHUKA €CTh OAHA
u3 stux rpynm: aubo C,, aubo D,. JlaBaliTe BLBISICHNM, KAKHUMHU I'PyIIIa-
MH CHMMEeTPHH 00JaJal0T MHOTOYVTOJbHHKM, N300pakEéHHbIe Ha puc. 1.
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IIpoiiie Bcero ¢ paBHOCTOPOHHHUM TPEYTOJbHUKOM M KBAAPATOM: 3TO IIpa-
BHJBLHBIE MHOTOVTOJBLHUKH M MX TPYINAMH CHMMETPHH SBJISIOTC, CO-
OTBETCTBEHHO, D3 u D,. PaBHOOegpeHHEII, HO HE PABHOCTOPOHHHUN Tpe-
YTOJBHUK NMeeT eJHHCTBEHHYIO OCh CuMMeTpuu (puc. 7, a), IosToOMy €ro
rpynmna cuMMmerpuu — 9To D; (0Ha COCTOHUT M3 STON CHUMMETPHUH H TO-
JKIECTBEHHOT'O Ipeodbpa3oBaHusd). ¥ IPAMOYIOJIBHUKA, He SABJAIOIIETr0Cs
KBaJpaToOM, POBHO JABe OCH cHMMeTpuu (puc. 7, 6), H ero rpyIna cauMMe-
TpuH eCcTh D, (KpoMe OTpasKeHUH OTHOCUTEJIBHO 3THX O0Cel OHA COTEePIKUT
TOKAE€CTBEeHHOE Mpeodpa3oBaHue, T. €. IOBOpOT Ha yroJj 0, 1 HeHTPaIbHYIO
CHMMEeTPHIO, T. €. IIOBOPOT Ha yroJ nt). I1Ipous3BoJIbHLIN IapaJIesIoTPaMM
He MMeeT oceli CHMMeTpHH, OH BEIAEPKUBAET JUIIL IIOBOPOTEI HA VIRl O 1
7, T. €. YIJIbI, KpaTHbIe 27t/2 (puc. 7, 8). CiegoBaTesbHO, IPYIINIA CHMME-
TpuH napajiensorpamma ects C,. HakoHen, rpynna CMMMETPHH III€CTH-
YTOJBHUKA, ITOJVUEHHOTO 113 PABHOCTOPOHHETO TPEYIOJbHIKA cpe3aHiieM
BepIINH, COCTOUT M3 IIOBOPOTOB Ha VIJILI, KpaTHEIe 2%/3 (puc. 7, 2), T. e.
aro rpynna Cj.

1

I

I

]

| -

1 -
—— e ————— —— '— ——————— "'

I -

| - -

I -

1 -

I

-
-
-

a) 0) 6) D
Puc. 7

Terneps MOKHO, XOTS M YCJIOBHO, HA3BATL 00Jiee CHMMETPUUYHON TY
U3 ABYX (PUTYP, V KOTOPOH MOPAAOK I'PYIINEI cuMMeTpuu Oosbline. Toraa,
HampuMep, IPAMOYTOJbLHHUK 60jiee CHMMETPUUYEeH, UeM TPEeYroJbHUK CO
Cpe3aHHbIMHI YIJIaMU.

SAIIUCH ABHKEHHUN B KOOPAHUHATAX

BBeaéM Ha IIJIOCKOCTH OOLIUHYIO IeKapTOBY CHCTEMY KOOPAHHAT ! II0-
CMOTPHM, KyAa IepexoauT TouKa (X,y) IpH IIOBOPOTE HA YTOJ & BOKPYT
Ha4YajJa KOOPAWHAT U IIPHU OTPAYKEHUU OTHOCHUTEJIBHO IIPAMOH [, Ipoxoas-
Ie¥ yepes HAYaa0 KOOPAHUHAT.

7151 9TOTO yAOOHO BOCIIOJNIB30BATLCS NOJAPHIMU KOOPOUHAMAMU.
Kaxxaoi TouKe IJIOCKOCTH MOXKHO COIIOCTABUTL NOJAPHBIL paduyc r —
paccTosTHHEe OT AAHHOM TOUKH A0 HAYAJAA KOOPAHUHAT — H NOJAAPHDbLI
Y202 (¢ — YTroJ, KOTOPEIH 00pasyeT €€ paauyCc-BeKTOP C IOJOKUTEIbHBIM
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HanpasjgeHueM ocu Ox (puc. 8). Ilapa (r,¢) — 3TO U eCTb HOJAPHBIE
KOOPAMHATHI TOUKHU. JleKapTOBBI KOOPAMHATHI MOMKHO BLIPDA3UTH Uepes
MOJAAPHBIE: X = rcosq, Yy =rsing.

IIpu moBOpPOTE TOUKHM HA YIOJI & €€ IMOJIAPHBINA pagnyCc He H3MeHsAeTCd,
a MOJIAPHBIN YIroJI VBeJINUHUBaeTCcs HA o. IloaTomy

yh
II (x,y) =11 ,(rcoseq, rsing)=
= (rcos(yp +a), rsin(q +a)).
ITo popMyIaM AJIA CHHYCA ¥ KOCUHYCA CYMMEI YTJIOB o
ToJIy4aeM: 5 >
II (x,y) =(xcosa—ysina, xsina + ycosa).
(%, ) =( Yy ycosa) Puc. 8

Tarum o6pasoM, IIOBOPOT — 5TO JHHEHHOe IIpeodpa-
30BaHUeE: KOOPANHATHI 00pas3a TOUKHU ABJIAIOTCH JUHENHBIMA (PYHKI[NAMHU
OT KOOPAMHAT CAMOM TOUKH.

3anucaTth B KOOPAMHATAX OTPasKeHNe HECJO0KHO, eCJH BCIIOMHUTD,
YTO OTPaKeHHe OTHOCUTEJBHO IPsaMoii [, obpasyionieit yroa «/2 ¢ oCbio
Ox, eCTL IPON3BeicHNE OTPaKeHNs OTHOCHTEJILHO ocu OXx 1 IIOBOPOTa HA
YTOJI o&:

R,=1I,0R,,.

OTpaskeHHe OTHOCHTENBHO ocH OX B KOOPANHATAX — 9TO IIPOCTO YMHOMKe-
Hue y Ha (—1). IlosToMy

Rl(x’ y) = Ha(ROx(x’ y)) = Hq,(xa _y)’
U, CJIeA0BATEJLHO,

R/(x,y) =(xcosa+ysina, xsina —ycosa).
IT0 mpeobpazoBaHUe TOXKe JHHEHHO.

CHMMETPHSA MHOTOYJIEHOB OT JIBYX IEPEMEHHBIX

Beaxoe aBMiKeHHNE ILIOCKOCTH HJIH IPAMOIl MpeoOpasyeT He TOJBKO
TOUKH, HO U PyHKIun. Hanmpmmep, caBur npsamoil Ha a, IIepeBOASIIINHN
TOUKY X B TOUKY X +a, mepeBoauT GyHKIHIO f(x) B pyHRIUO [, (X) =
= f(x—a), rpapux KoTOpOHM mojsyuaercsa u3 rpadpuxa ¢GyHKIuH [(x)
CABUTOM HA @ BAOJbL OCH X. AHAJIOTHYHO, BCAKOE JBHIKEHHE ¢ ILIOC-
KocTH nepeBoguT GyHKRUHW0 f(x,y) B GYHRIMIO fq,(x,y) = f(«',y"), rae
(x',y’) — npoo6pas Touxru (x,y) npu ABUKEHNU ¢ (T. €. 00pas TOUKH (X, )
mpu o0paTHOM ABUKeHHN). VHaue roBops, IMIPaBHJIO TAKOBO: 3HAUEHUE
mpeoOpasoBaHHOM (PYHKI[UU B IIPeoOdpas0BAaHHOM TOUKE PABHO 3HAUEHUIO
HCXOAHOHN (PYHKI[UMH B HCXOAHOM TOUKeE.



B uacTHOCTH, ecaH @ — ABHXKeHHE IIJIOCKOCTH, OCTABJSIOIEe HA Me-
CTe HAYaJIO KOOpAHUHAT, a [ — MHOrO4YJeH, TO, KaK CJeayeT M3 3aIllucH
IBHKEeHHNII B KOOPAMHATAX, fq, — TakKsKe MHOTOUJIeH. DoJee Toro, eciu
{ — OAHOPOAHBIN MHOTOUJIEH CTeNeHHU /1 (T. €. BCe ero UJIeHbl HMEIOT CTe-
IeHb M), TO U fq, — OJAHOPOAHBIIT MHOTOUJIEH CTeIIeHH M.

ByaeM ropopuThb, 4TO MHOTOUJIEH [ IIepeXOoauT B cebsa (LH8apuaHmen)
NP1 ABMYKEHUH ¢, €CIH fq, = f, T. e. eCJIM 3HaUeHNe MHOTouJeHa [ B 1100011
TOUKe p TaKOe ke, KaK U B TouKe ¢(p). Kak m B ciayuae reomerpuue-
CKUX (PUTYP, COBOKVIIHOCTEL Sym f BceX ABHKEHUH, MepeBOAAIINX B ce0s
MHOTOUJIEH f, ABJseTcs IPPYIIIOi ABM:KeHuN. I'pynna Sym f HaspIBaeTcs
2pynnoil cummempuu mMHozoureHa f.

MosxHO 3aAaTh KaKyIO-JAudO0 TPYINY ABUKEHUN IIJOCKOCTH U IIO-
CMOTpETH, KaKue MHOTOUJIeHbI OYVAYT MHBAPHMAHTHEI OTHOCUTENIBHO 3TOU
TPVIIIIEI.

CHMMETPHYECKHE MHOTOYJIEHBI

Paccmorpum rpynny D;. OHa COCTOUT U3 TOXKAECCTBEHHOI'O ITpeodpa-
30BaHUA U OTPAKEHUsA. ByaeM cUuTaTh, 4TO 3TO OTPAKEHHE OTHOCUTEIb-
HO OHCCEKTPHUCHI IIEPBOH KOOPAMHATHON UETBEPTH, T. €. IPAMOU U = X.
IIpu TaxoM OTpaKeHHH KOOPAHMHATHI TOUKHM MEHSIIOTCSA MECTAMM: TOUKA
(x,y) mepexoguT B TOUKY (Y, X).

MuorouneH f HaswIBaeTCA cummempuieckum, ecan f(y,x) = f(x,y)
AJIs1 TI00BIX X U Y, T. €. €CJAN OH HHBAPHAHTEH OTHOCUTEJIBHO Ipynnel D, .

IlokaskeM, KaKk YCTPOEHBI CUMMETPHUYECKHNEe MHOTOWIEHBI. BBeaém
HOBYIO CHCTEMY KOOpAWHAT: Uu=x+Yy, v=x—y. Toraa, moACTaBuB X =

u+v —v
=-—5 Y= 5 B MHOrOWIeH f(x,y), mOIyYUM MHOTOUJIEH OT IIepeMeH-

HBIX U, U, KOTOPHIH 0603HAUNM [
fx,y) = f(u,v).
Korga x u y MeHAIOTCA MECTaMH, U He MeHfeTC s, a U yMHOsKkaeTcs Ha (—1).
3uaunrt, ecau f(y, x) = f(x,y), o f(u,—v) = f(u,v). CiregoBaTearHo, mepe-
MEHHAas U BXOAUT B MHOTOUWJIEH [ TOJBLKO B UETHLIX CTEIIeHAX, IPYTHMH
CJI0BaMu, f Ha CAMOM JeJjie MHOTOUJIEH OT U H V>
f(u,v) = F(u, v?).

Ilepeiinsa cHOBA K HCXOAHLIM KOOPANHATAM, MBI IIOJYYa€M, UTO

flx,y) = Flx+y, (x—y)?).
Ho (x — y)? = (x + y)? — 4xy, MOSTOMY HMCXOAHBIH MHOTOUIEH [ MOXKHO
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npeaCcTaBUTh B BHAE€ MHOr'OWJjieHa OT CyMMBI H IIDOH3BEOEHHUA X H [.

f(x,y) =F(x+y, xy).

MHOTOUJIEHE 61 = X + Y U Gy = XYy HA3LIBAIOTCHA SJEMEHMAPHLIMU
CUMMEMPULECKUMU MHOZ0YLEHAMU OT ABYX nepeMeHHbIX. Takum obpa-
30M, JIO00M CHMMETPHUYECKHUN MHOTOUJEH OT ABYVX IIePEMEHHBIX IIpej-
CTaBJISIETCSA B BIJe MHOTOUJIEHA OT SJIEMEHTAPHBIX CHMMETPHUYECKUX MHO-
TOYJIEHOB.

PaccMoTpuM B KauecTBe IIPHUMepa CUMMETPHUUYECKHUe MHOTOUJIEHBI
s,=x"+y*"(n=0,1, 2, ..). Umeem:

— n—1 n—1 n—2 n—2y —

S,=(x+y)(x" " +y" ) —axy(x" “+y*"4)=0,8, 1 — 095, 9, N 22.
IdT0 pexyppeHTHaa ¢opmynaa. OHa no3BonAeT, 3HAA Sy U S,
IIOCTENIEHHO, OAHO 32 APYTHM MIOJIYYATEH ABHLIC BEIPAXKCHHUS Uepes G, U O,
AJIsl BCeX S, . BHINMNINIeM HeCKOJIBKO NEPBBIX BRIPAKEHHH

so=2 (rakxkaxx’=y%=1),
31 = Ul ’

sy = a2 — 205,

83 = a5 — 36,6,,

s, =a —40ie,+ 202,

ITHMH BBIPAKEHUSIMH MOJKHO BOCIIOJBL30OBATLCS, HAIIPHUMeEp, IJs
pellleHusI CUCTeM ajredpanmuecKUX ypaBHeHHIl, CHMMETPHUYHBIX OTHOCH-
TeJIbHO MePECTAHOBKH X U Iy. Pertum, Hanpumep, CUCTEMY

x2+y?=3,
x¥+y3=4.
Bripasum jeBEIe UaCTH YpaBHeHHH Uepes G, U G,:
2 _
] — 265 =3,

3 —
o] — 30,0, =4.
2

V2 mepBOro ypaBHEeHHUA NMOJYUIAEM: Gy = 012_ ; TOTA BTOpOEe YpaBHEHHUEe
IaeT
o}~ Soi(6}-3)=4, o} -9a,+8=0.

Cpasy BUIHO OJHO pellleHHe ¢, = 1, oTKyga ¢, = —1. CymmMa x u y pas-
Ha 1, mpoussegeHune paBHo (—1); ciaeaoBaTesbHO, IO TeopeMe, 0O6paTHOI
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TeopeMe Bmeta, x 1 y — KOPHHM KBaApaTHOTo ypasHeHus ¢t —t—1=0.
Pemins 510 ypaBHeHNE, MOKHO HANTH ABA PEIIEHN, OTIHUYAIOIHECS IIe-
pecTaHOBKOU x U y. ChesaTh 5TO, a TaKsKe HAWTH OCTAJBHEBIE PeIlleHus,
COOTBETCTBYIOI[UE APYTUM 3HAUEHUAM G, IPEAOCTABJISICTCS YUTATEIO B
KauecTBe VIIPAKHEeHH.

PaccmoTpuM Temeph MHOTOUJIEHBI, V KOTOPBIX CHMMeETpus OoJjee
CJIOKHAA.

MHOT'OYJEHB], HHBAPHUAHTHBIE OTHOCHUTEJILHO Cn

HanomuuMm, uto rpynna C, COCTOUT U3 MOBOPOTOB BOKPYT KAKON-TO
Touku O Ha yIiibl, KpaTHbIe 2%/n. Byaem cuurats, uro ) — HAYAJIO KO-
opauHAaT. a3 TOro 4ToOBI BLIACHUTE, KAKHE MHOTOUJIEHBI BLIAEPKHUBAIOT
3TH IIOBOPOTHI, BOCIOJIb3yeMCA MOJAPHBIMH KOOPAUHATAMM:

X =rcose,
y=rsing.

IIpu moBopoTax r He U3MeHsETCS, HO I — 9TO He MHOTOWJIeH. A BOT
r? — muorouieH (r? = x? + y?), ”HBAPMAHTHBIH OTHOCHUTEIBHO IPYIIIH] C,.
DyHKIUN rcosng U r*sinng Takxe He H3MEHAKTCA IIPH MOBOPOTE HA
yroJ, KpaTHEIH 21/ n: IPHU TAKOM IIOBOPOTE K ¢ J00aBJIAAETCA yIoJa, KpaT-
HbIM 2%. MeHee oueBHeH TaKoM haxT:

Teopema IV. ®yurunnu r* cosneg u r*sinng (n > 1) cyTs OZHOPOAHBIE
MHOTOYJIEHBI CTeIIeHH! 72 OT X U V.

ITY TeopeMy JIeTKO AOKA3aTh II0 UHAVKI[NI, HO MBI pPACCMOTPHM JIHNIIE
HEeCKOJILKO TIePBBIX TaKuX QVHKI[UIT:

rcosg=ux,
rsing =y;
2 . 2
récos2¢ =r?(cos” @ —sin” @) = x% — y?,

r?sin2¢p = 2r?cosgsing = 2xy;

r3cos3¢ = r3(cos2¢cos¢ —sin 2gpsing) =
= (2% —y®)x — 2xy -y = x* — 3xy?,
r3sin 3¢ = r3(sin 2¢cos @ + cos 2¢sin @) =
=2y - x +(x* — y?)y = 3x°y — y%;
(3meckr MBI MCIOIB30BAIN (POPMYJIBI AJNsS CHHYCA M KOCHHYCA CYMMEI
yrioB). flcHO, uTO M Aasblie GYAYT MONYYATHCS MHOTOUWIEHEL OT X H V.
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Taxum 06pasoM, BCAKUHA MHOTOWIEH OT 2, r" cosne u r*sinneg ects

MHOTOYJIEH OT X U J, HHBAPUAHTHBIN OTHOCUTENBHO C,,. BepHO mobpaTHOe:

Teopema V. Bcaxuii MHOroOWwIeH, HHBAPHAHTHBIH OTHOCHTEJBLHO
rpynnsi C,,, €CTh MHOTOUJIEH OT 12, r* cosney u r* sinneg.

MHOT'O4JEHBI, HTHBAPHAHTHBIE OTHOCHTEJIBHO D,

Byaem cunrtats, 4T0 D, COAEPIKUT OTPa’KeHUe OTHOCUTEeNbHO ocu Ox.

Becakuii MHOTOUI€H, MHBAPUAHTHLIAI OTHOCHTENLHO DD, , NHBapuaH-
TeH B OTHOCUTeABHO C,, mocKkoabKy C, — D, ; 3HAUUT, OH ABJISIETCI MHO-
TOYJIEHOM OT r2, r*cos ne u r'sinng. OH JOMKEH TaKKe BBIASDIKUBATH
BCe OTPaKeHHs, BXOAdAINe B D, , HO AOCTATOYHO, YTOOBI OH BBIJEPKHUBAJ
KaKoe-HUOyAb OAHO OTpaskeHHne, Hanpumep R, ., IOTOMY 4TO BCe OCTAJb-
HBbI€ OTPAXKEHUA SBJISAIOTCA IIPOUSBEACHHUAMHI 3TOTO OTPAYKEHUSA U HEeKO-
Toporo nosopota us C,,.

OTpaskenne OTHOCHUTEILHO OcH OXx B MOJAPHLIX KOOPAUHATAX — 9TO

YMHOKeHHe ¢ Ha (—1), mo3TOMY IPH TAKOM OTPaKeHUN

rZe r2,

r*cosng — r*cosney,

rtsinng — —r"sinneg
(CMBOJI «—» O3HAUAET «IIePEeXOJHuT B», «0ToOpaskaercs B»). Ciemosa-
TeJIbHO, eCJIF MHOT'OUYJIeH

f(x,y) = F(r?, r*cosne, r*sinneg)

MHBAPUAHTEH OTHOCUTEJBHO R, ., TO r*sinng BXOAWUT B HEro TOJBKO B
YETHBIX CTEIIeHAX, U

F@r?, r"cosneg, r*sinne) =F(r?, r*cosney, (r*sinng)?).
Ho (r"sinng)? = (r?)* — (r" cosny)?, nosTomy Ha cCaMOM AeJe
F(r?, rrcosneg, (r*sinng)?) = F(r?, r* cosneg).
Hrtaxk, MBI JoKasaam (TOUHee, BLIBEJH M3 IpPeAbIAyINe) TaKyio

TeopeMy:

Teopema VI. Bcaxuii MHOTOWIEH, MHBAPHUAHTHBIN OTHOCHTEJJBLHO
rpynnsl D, €CTh MHOTOUJIEH OT r'2 U r’* cosneg.

A Temeps pacCMOTPHM OJHO MPHJIOKEHHE 3TOH TCOPHH.
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KBAJPATYPHBIE ®OPMY JIbI

KBaapatypusbie GopMyisl — 9T0 POPpMYILI IPHUOIHKEHHOTO HHTETPU-
poBaHus. MpI 6yaeM BHaUaJe HHTETPHUPOBATh QYHKIIUIO IIO OKPYKHOCTH
eAUHHITYHOTO PAANYCA.

KBAIPATYPHBIE ®OPMYJIbl HA OKPYKHOCTH

PaccMoTpuM HeNlpepbIBHYIO (DYHKIIHIO OT ABYX IepeMeHHBIX f(x,y).
ObosHaumM uepes

§ f(x.y) ds

eé MHTerpas Mo eANHUYHON OKPYKHOCTH ¢ IEHTPOM B HAUaJIe KOOPAMHAT
(3mech ds — gnuHa «6eCKOHEUHO MAJIONH AYTH» OKpYysKHOCTH). llosicHuM,
YTO 9TO TaKkoe. 3amuineM PYyHKIHIO [ B MOJAPHBIX KoopanHaTtax. Toraa
Ha eIUMHUYHOM OKPY/KHOCTH OHA MpeBpaTHTCA B GVHKI[MIO OAHON Iepe-
MeHHOII ¢@: f(x,y) = f(cose, sing). llo ompeaeseHHIO,
HHTerpaj (pyHKIHUH [ IO OKPYKHOCTH PaBeH OOBIYHO-
P1 MY ONPEACJEHHOMY HHTErpay MOJYUeHHOH VKasaHHBIM
o6paszoM (PYHKIIUY OJAHOH MepeMeHHOH 1o oTpes3ky [0, 2x]:
2%
A @f(x,y) ds = S f(cose,sineg) deo.
Puc. 9 0
MBI XOTHM BBEIYHCJIHUTDL 9TOT HHTErPaJ IPHOIHKEHHO
yepes sHaueHnsa QYHKINH [ B HEKOTOPLIX TOUKAX OKPYKHOCTH, IIPHUEM
TOUEK JOJIXKHO OBITH He OUe€HL MHOTO, 8 Pe3yJbTaT — KaK MOKHO TOUHee.
IIyeTs Py, Pas P3s ooy Py — TOUKH HA €AUHUYHOM OKPYKHOCTH (puc. 9).
Wurerpas npubimKEéHHO 3aMeHsIeM CYMMOIl 3HaueHU#M GYHKIHU B STHX
TOYKaX ¢ KoopPpuIeHTOM:

N
§ 16, )ds =S5 = 37 X100, *)

P2
P3

Py

rae f(p;) =f(x;,y;), (x;,y;) — RoopauHaTel TOUKH p;. Kosdhduuuent ?V_n

HYKeH AJsI TOr0, YTOOBI IPHOJIHNKEHHOE paBeHCTBO ObIJIO TOUHBIM XOTS
Onl g f(x,y) =1.

dopmyna Buaa (*) HaswpIBaeTca keadpamypHoii gopmynoii. Ecre-
CTBEHHO, 9Ta (JOpPMYJa 3aBUCHUT OT BEIOODA TOUEK D1, Pos w5 Py

Byaem rosoputhb, uTo KBagpaTtypHasa gopmya (¥) numeer nopsadox k,
ecJI OHA TOYHA JJIS1 BCeX MHOT'OUJIEHOB CTEIIeH! He BHIIIe k.

ITouemMy TMeeT CMEBICJI pacCMATPHUBATL HMEHHO MHOTOUJICHEI 7
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Teopema VII (Beiiepmuitpace). Ilina ai060i1 HempepblBHOM (PYVHKIINU
f(x,y) m goboro e > 0 cymecrByer Takoii MHOrouieH f.(x,y), UTO

f(P)—f(p) <e

151 TI000UM TOUKHU P HA OKPYKHOCTH.

(Ha camom zeJjie 9Ta TeopeMa BepHa He TOJBKO AJsI OKPYKHOCTH, HO
U AJIs 100070 3aMKHYTOT'O OTPAHMUEHHOTO MHOYKECTBA HAa IJIOCKOCTIH.)

Hrak, HeIpepuIBHYIO PYHKIIHUIO HA OKPYKHOCTH MOKHO ¢ 100011 TOU-
HOCTBIO IIPUOJIN3NUTL MHOTOUJIEHOM, TAK UTO MHTErpaJ oT AaHHOH (PVHK-
IHNA ¥ UHTEeTrpaJ OT STOI'0 MHOTOUJeHa OVAYT OTINYAThCA Majgo. Ecam
¢bVHKINA f caMa He ABAAETCA MHOTOUJIEHOM,
TO, UeM MEHBbIIIe &, TeM 00oJIbIlle OyAeT CTelleHb l?
MHOrOujneHa f,. IloaTomy, dem GOJbIIE IMO- g Bs P2

pAAOK KBAAPATYPHOH (POPMYJIBI, T€M JYyUIIIe. N
KaroueBast naest TAaK0OBa: TOYKHU Py, Pos v I, If i __::*_:i:_':__ B I_’ !
vy Py HYPKHO BBIOMPATH CHEIHAJIBLHBIM 00pa- pse | 7 | .| #Ps
30M, & HMEHHO OHH OOJIMKHEBI COCTABJATE Op- NG . >,
bury rpynnsl D,. 9TO 03HadaeT, UTO, B3fAB ’ P ' D7 )

JIO0YIO M3 3THUX TOYEK M MIPHUMEHUB K HeH Bce
npeobpasoBaHud u3 D,, MBI IOJYYUM B TOU-
HOCTH BCE TOUKH P15 Poy eeey Prre

Hamnpumep, }f;l pﬁfz 10 Ilfl)goﬁpamena opbu- 3~ L2(P1),  P7=1ge/2(p1),
ta rpynnst D,. Eciu MbI Bo3bMEM B KauecTBe 11~ Ry (1), Ps =Ry, (p1).
TOUKHM p; BEPIINHY KBaJApaTa WJIHU TOUKY HA Puc. 10
IPsAMOIl, IPOXOAAINEll uepes cepearHbl IIPo-
THUBOIIOJIOMKHBIX CTOPOH, TO OpOHTAa TOUKHU p, (T. €. opbduTa, cogepsramnas
TOUKY Pq), OVAET COCTOSATEH TOJBKO M3 UeTHIPEX ToueK. Ho ecau Touka p,
ob1IeTro MOJOXKEeHHN A, TOUEK OYAeT BOCEMb.

OpbuTa 00111er0 MOJOKEHUA IPynnsl D, COAEpXUT 211 TOYEK, T. €.
N =2n.

D= id(pl)a Ds = Hn(pl )a
D2 = Rll (pl)a Pg = RZ3(p1)’

Teopema VIII. IlycTe TOUkH py, Po, ..., Py COCTABISAIOT OPOUTY IPYII-
nsl D,. KBagparypuaa ¢opmyiia (¥) TouHa 48 BCeX MHOTOYJIEHOB CTe-
IIeHU He BBIIIE k TOT/1a ¥ TOJBKO TOTAd, KOTJA OHA TOUHA AJI BCeX MHOTO-
YJICHOB CTEIIeHU He BHINIE £, NHBAPHUAHTHBIX OTHOCHTEJLHO Ipynnsl D, .

HoxasaTteasbcTBOo. QueBHAHO, ecau GopMyJaa TOUHA AJS BCEX
MHOTOUJIEHOB CTEIIeH! He BBIIIE £, TO OHa OyJaeT TOUHA U AJIs NHBaPHUAHT-
HBIX MHOTOUYJIEHOB CTeleHUu He BhIle k. IlycThb, oOpaTHo, hopmyaa (*)
TOUHA OJA JI000T0 MHOTOUJIeHA CTelleHH He BBINIe R, MHBAPHMAHTHOTO
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OTHOCUTEJALHO rpynnsl D . I1ycTs f(p) — mpOU3BOJLHEBIN MHOTOUYJIEH CTe-
mmeHu He BeIlIe k. [loagBeprueM 3TOT MHOTOUJIEH KaKOMY-HHUOYAD ABHKE-
HHIO u3 rpynnsl D, . IIoCKOJIBKY KOOPAHHATEL 00pasa TOYKH IPH ABHIKE-
HUH ABJIAIOTCA JUHEHHBIMHA PYHKINAMA KOOPAUHAT CaMOIl TOUKH, IIPHU
MMOACTAHOBKE 3THX (PYHKIUA B MHOTOUJIEH IIOJYYaeTCs MHOTOUJEH Toii
ke creneHn. OQuUeBUAHO, YTO MHTErpaj OT HOBOT'O MHOTOUJIEHA IIO eIM-
HAYHOH OKPYsKHOCTH C I[EHTPOM B HaUajJe KOOPAUHAT paBeH HHTETPaJy
OT HCXOJAHOT'O MHOTOUJICHA: OKPYsKHOCTh IIEPEXOAUT B cebsa mpu Jr060oM
IBHJKEHHNH, OCTABJANIIEM Ha MeCcTe €& IeHTpP, M AJHHA AYTHU IIPH STOM
coXpaHseTcH.
3aHyMepyeM dJIeMeHTH rpynnst D :

D,= {81,802, '"’an}-
Ana xamporo i =1, .., 2rn muorourex f, (p) = f(g; 1(p)) obosmaumM ue-
pes f;(p). Toraa

8 1) ds = §7p) ds.

BospmémM Tenmeprs cpeaHee apudMeTHUECKOE STHX NHTETrPAJIOB:
2n

1 1 2 _
@f(p) ds = ﬁl§1§f;(p) ds=§§l§1fl(p) ds=§f(p) dS,
raoe
_ 1 2n
f(p)= 2ni§1f,;(p).

MuoroueH f(p) *HBAPHAHTEH OTHOCHTEIHHO IPYIIIH] D, , moTomMy 4TO IpN
JII000M ABMYKEHUH U3 OTOH I'PYNIBEI MHOTOWIEHE!I [1(P), ..., [9,(p) mIpocTO
KaK-TO IIePecTaBJAIOTCA, 4 UX CYMMa He M3MeHdAeTcA. CTelleHL MHOTO-
ujieHa f He GOJIBIIIE CTEIIEHN MHOTOUJIEHA f; 3HAUUT, II0 YCIOBUIO TEOPEMEL

HHTETpaJ OT { MOXKeT 6bITH BRIUNCIIEH ¢ IIOMOINBIO KBAAPATYPHOII popMy-
Jbl (*):

§F(p)ds = S(P.

Ananornuno, S(f) = S(f;), mOCKOABKY Ja1000€ ABHXKEHHE U3 I'DYI-
bl D, IPOCTO IepecTaBAAeT TOUKH Py, Pg, -y Py, TAK UTO CYMMa 3HaUe-
HHUH MHOTOUJEeHA f B 9TUX TOUKAX PaBHA CyMMe 3HaUeHU MHOTOUJIEHA f;
B 9THX Toukax. CiaeqoBaTebHO,

2n
S() = o ). S =S = §7(v) ds = § 7(p) ds. 0
i=1
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Temnmepts MOKHO OIIPEAeJNUTH MOPAJOK KBaapaTypHOil (opmMmyasl (¥).
Mg1 3HaeM, UTO BC€ MHOTOUJI€HbI, MHBAPMAHTHLIE OTHOCUTEJIBHO I'PYIIIIbI
D, , BBIPAXKAIOTCA Uepe3 MHOTOUWIEHH I'? U r*cosne.
Ha egmauuHO# OKpYKHOCTH 12 = 1, TOSTOMY 06 9TOM
MHOTOUJIEHEe MOYKHO He 0eCIIOKONTHC.

3a cuéT BHIOOpPA TOUYKU p; MOYKHO ZOOUTHCA TOTO,
4TOOBI U AJIT MHOTOUJIEHA r” cos ng popmyaa (*) 6s11a
TOYHAa. A IMEHHO, BO3bMEM

p1=(cos T , sSin 11'.)
2n 2n

Torga TOUKH Py, .., Py OVAYT JeNHUTH OKPYKHOCTH
Ha N = 2n paBHBIX uacTeii (cM. puc. 11, rae nsobpakén cay4dait n = 4).
IIpn Taxom BBEIOOpE Py

S in 1 7t m
S(r" cos nyp) =2— Z osn( n+—) =0 ) cos(§+in) =0.

B To ;xe Bpemsa
@ rtcosne ds =0,

TaK KaK IIPH IIOBOPOTE OKPYKHOCTH HA YTOJ 7/f HHTErpaJj, ¢ OGHOM CTO-
POHBI, HE JOJIKEeH N3MEHUTLCA (II0X0Kee pacCys:KIeHne yoKe HCIOJIb30BAa-
JIOCH TIPU AOKasaTeabcTBe TeopeMbl VIII), a ¢ apyroii cTOpoHBI, AOJXKEH
VMHOMKHUTBCS Ha (—1), MTOCKOJBKY HMOABIHTErpPaJIbHAS (DYHKI[UA YMHOMKA-
ercs Ha (—1).

Cienymoliee IpemaTCTBUe — MHOTOWIEH (r*cosng)? cremenu 2n.
MosxHO mOoKasaTh, UTO OHO HEIIPeOoJOJNMO, T. €. 3a CUéT BLIOOpa TOUKH
Py HEJIL3s AOOUTHCA TOTO, UTOOLI M AJIA STOTO MHOTOUJIEHA KBaApaTypHAad
dopmyaa (*) 6p11a TouHa. Tarkum ob6pasom, 2n PABHOOTCTOSIIHX TOUEK
Ha OKPYKHOCTH JAIOT KBaApaTypHVIO GopMyny mopaaka 2n— 1. IJrtoT
pesyJabLTaT He ABJIeTCS HeOKHNIAHHBIM M MOT ObI OBITHL IIOJYUeH 0oJiee
IpoCTEIM cmmocoboM. (Bo BCAKOM ciaydae, MHTYUTHBHO OUEBHAHO, UTO
HamnboJiee BLITOJAHO BBIOHMPATL HA OKPYIKHOCTH MMEHHO PABHOOTCTOSIIIE
ToukM.) OaHako B 60jee CJIOMKHBIX CHUTYAIAX H3JIOKEeHHBIe METOJBI
IMO3BOJIAIOT IIOJYUHTE COBCEM He OUeBHAHLIE pe3yabTaThl. Tax o6CTOUT
neso, HAIIpUMep, ¢ KBaapaTypHbIMu ¢opMmysamMu Ha chepe. Muorue
pes3yJbTaThl B 9TOH 00JaCTH OBLIHN IIOJYUEHBI COBCEM HEJABHO. YTOOBI
pacckasath 06 aTux opMyJiax, HaM IMOHAAOOATCA CBEAeHUS O KOHEUHBIX
TPYIIax ABHXKEHUH TPEXMEPHOTO IIPOCTPAHCTBA.
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IIPABHJIBHBIE MHOTOTPAHHUKH

IIpaBuJabHBIE MHOTOTPAHHUKH — 9TO MHOTOTPAaHHUKHM, 06JIamaroinme
HauboJblIeil cCHMMeTpuei.
Hasosém ¢p.razom Habop

(BeplINHA MHOTOTPAaHHUKA;
pedpo, BBIXOAAIIee U3 3TOI BEPIIINHBI;
rPaHb, IPHUMELIKAIOINAA K 9TOMY pebpy)
(puc. 12). MHOrorpaHHHUK HA3LIBAETCS NPAGUJbHbIM, €CJINA AJs JIOOBIX
daaros F; u F, cyliecTByeT JBUKEHIE, IePEBOJAIIEe MHOTOTPDAHHHUK B
ceba u duaar F, Bo ¢uar F,.

e mm———

Puc. 12

JcHO, UTO Takoe ABH)KE€HHE eIMHCTBEHHO: IIOCJIeé TOTO KaK MBI 3a-
Ianu, KyJa MepexoauT OAHA BepIINHA, BO3MOMKHBI €I[€é MMOBOPOTHI BO-
KpyT IpsAMOH, IIPOXOAAIIeH depe3 o0pas 3TOl BepHIINHBLI, 1 OTPAKeHUA
OTHOCHUTEJIBHO IIJIOCKOCTEH, IPOXOAAITNX Uepes Hero; eCJu MBI TaKJKe 3a-
Iaan, Kyaa mepexoanT pedbpo, oCTaéTcs TOJBRKO OTPasKeHe OTHOCUTEIBHO
IIJIOCKOCTH, MPOXoAsIeii uepes od6pas aToro pebpa; xorjga Mul 3a4aJI, Ky-
Ia IIePeXOAUT IIPHJIETAIOAsd K 9TOMY pedbpy rpaHb, ABHKEHUE YiKe OIIpe-
JIeJIeHO OTHO3HAYHO.

Orclopa ciaeayer, UYTO MOPAAOK I'PYINBI Sym P CHMMeTpHHI IPaBUJIbL-
HOTO MHOTOTPAHHHKA P paBeH Koqn4ecTBY ero ¢aaros. [HelcTBUTENBHO,
sadurcupyem ¢uar F,. Torma raxaomy ¢duary F MOXKHO IIOCTABUTH B
COOTBETCTBUE €IMHCTBEeHHOE ABHIKeHNEe, IIepeBOAsdIlee MHOTOTPAHHUK B
cebsa, a paar Fy, — B F. OueBugHO, 4TO YNCIO (hJIaTOB B MHOTOTPAHHUKE
pPaBHO UNCJIY BepIINH, VMHOXEHHOMY Ha UMCJIO pedep, BBIXOAAITUX M3
Ka)Kka0i BepIINHLI, M Ha 2 — YHCJIO I'PaHed, IPUMBLIKAIOINNX K KaXKIOMY
pebpy.

CyiecTByeT TOJABKO IATH IPABAJLHBIX MHOTOTPAHHUKOB: TETPAdAP,
Ky0, OKTasAp, AoAeKasap, uxocasap (puc. 13). Kyb um oxTasap mme-
0T OAHY U TY »Ke I'PYIIYy CHMMEeTPHUH, IIOTOMY YUTO, €CJH B3fATh IEHTPHI
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rpaHed Kyba M «HATAHYTH» HA HUX MHOTOTPAHHUK, IIOJYUUTCS OKTaAP
(puc. 14, a), u, Haob60pOT, IEHTPLI TPAHEH OKTAdJApa SABJAIOTCSA BEPIIIN-
HaMmu Kyba. Ilo Toil ke mpHUYHHE AOAeKa’AP M HKOCASAP TOXKEe HMEIOT
OJMHAKOBLIE IPYIIILI cuMMeTpuu (puc. 14, 6).

Taxnum o6pasoM, BOSHUKAIOT TPH pasIMUHble TPYIIILI ABHYKEeHUH, KO-
Topble obosHauawTea I', O u I (0T ¢JI0B «TEeTpasap», «OKTAAP» U «HUKO-
casap»). IloacumraeM MOPAAKY STUX I'PyHnn. ¥ TeTpasipa 4 BepIIIHNHBI,
M3 KasKJ0H BEepIIUHLI BEIXOAUT 3 pebpa, mostomy |[T'|=4-3:2=24. ¥ Ky-
0a 8 BepmnH, U3 KaxkAo# BrixoauT 3 pebpa, Tar uto |[O|=8-3+-2=48.
«Axocasap» B IepeBojie ¢ I'peuecKOr0o 03HAUYAET «ABaAAIIATUTPAHHHUK», a
YHCJIO BePIINH JOAeKasApa PABHO UNCJIY I'paHeil HKOcasaApa, SHAUUT, V J0-
nerasapa 20 BepinnH. V3 Kayk A0 BePIINHEL JOJEKa3Apa TaKKe BBIXOAUT
3 pebpa. CaepoBarenbHo, |I|=20-:3-2 =120, cm. Tabauiy.

s raskgoit us rpynn 7', O 1 I MOXKHO pacCMaTpPpUBaThL MHOTOUJIEHEBI
OT TPEX IMIepPeMeHHbBIX , HHBAPHAHTHBIC OTHOCHUTEJIBHO 9TOH rpyninbl. BepHa
CJIEeAVIOAA

Teopema IX. Becaxkuili MHOTOUWIeH, HHBAPHUAHTHBIA OTHOCHTEJBHO
rpynnsel Sym P cuMMeTpHH IPaBUJILHOTO MHOTOTpaHHUKA P, eCTh MHO-
rOYJIeH OT TPEX OJHOPOAHBIX MHBAPDUAHTHBIX MHOTOUJICHOB [, fq, [3, TO€
f1(x,y,2) = x? +y? + 22 — mHOroOuNeH cTenenu d, = 2, f, — MHOTOWIEH
cTeneHu d, > 2, f3 — MHOTOUYJIEH CTelleHHu d; > d,.

Hucaa d; npuBeAeHs! B CIeAyIOIIeH TadbauIe.

MHoTrOTpaHHUK I'pynna cuMmmeTpun dy ds ds
TETPASAD T |T'=24 2 3 4
xy0 } O |0|=48 2 4 6
OKTadAp
AOACKAGAD } I 1I]=120 2 6 10
HKOCasap

Me:xk oy 9THMHA YHUCJIAMU NMEIOTCSA COOTHOIIIEHN A, KOTOPLIE ABJIAIOTCA
CcJIeACTBHIMH HEeKOTOPBIX 001X TeopeM. Hanmpumep,

d1d2d3 = |SymP

BoT o6bsicHeHUE (He OUeHb CTPOT0e) 9TOH 3aKOHOMEPHOCTH. MHOTrOUIeHbI

f1,> f2, f3 IPUHUMAIOT OAUHAKOBLIC S3HAUCHNS B TOUKAX OPOUTHI IPYIIIEI,
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M, Hao0OpOT, €CJM B JBYX TOUKAX OHH IIPHHUMAIOT OJNHAKOBBIE 3HAUE-
HUsf, TO STH TOUKM IIPHHAAJEKAT OAHON opduTe, T. €. OpOUTA 3aAAETCA
CHCTeMOI1 ajireOpannuecKUX YpaBHeHH 1

fl(x3yaz) =cly
fZ(x’yaz) = Cg,
f3(x,y,z) =Cg3,

rfe ¢y, €y, €3 — MOCTOAHHBIE. YNcCi0 pellleHHil TaKOil CHUCTEMBI ajre-
OpanyecKHX YpaBHEHHH, KaK IIPaBHJIO, PABHO IIPONU3BeJeHUIO CTeleHeil
MHOTOUJIEHOB [, 9, [3. C ApyTroil CTOPOHEBI, OHO PABHO YHNCJIY TOUYEK OpOu-
ThI, KOTOpPOE B 00IIleM CJIyuae PaBHO IMOPAAKY IPYIIILI.

KBAJIPATYPHBIE ®OPMY.JBI IS COEPHI

Ilyers f(x,y,2) — HempepbIBHAs (PYHKINAA OT TPEX IIepeMEeHHBIX.
0O603HaUNM Uepes

§1(x,y,2) do 5)

e€ MHTerpaJ o efTHHHYHOHN cdepe ¢ HeHTPOM B Hauajie KOOPAHUHAT (34ech
do — maoans «6eCcKOHeUHO MAJIoro Kycouka» cdepsl). He mpuBoas ¢op-
MaJILHOTO OIIpeiesIeHIsI 9TOTO UHTerpaJja, JaguM ero (pu3niecKyo HHTep-
ImpeTranuio (OAHY 13 MHOTHX BO3MOKHBIX). 1lycTh Halta chepa 3apsikeHa,
MPpHUUEM ILJIOTHOCTD 3apsaa (¢ YUETOM ero 3Haka) B TOUKe p = (X, Y, 2) paBHa
f(x,y,z). Torga naTerpa (5) — aro obuui 3apan cepsl.
KBaapaTypHbIe (hOPMYJILI AJA €TUHUYHON c(hepEl HMEIOT TAKOU BUA:

N
§1G..2) do=5() = T @), (%)

T. €. MBI 3aMeHseM HHTerpajg oT (GyHKIUHU o cdepe Ha cpenHee apud-
METHUYECKOe €€ 3HAUYEHHM B HEeKOTOPLIX TOUKAX C(ephbl, YMHOXKEHHOE HA
TLJIOIAAL ChepHhl.

IIycTe TOUKM Py, Po, ..., Py COCTABIAAIOT OPOUTY IPYNIIBI CUMMETPUU
MPaBMJIBHOTO MHOTOTPAHHMKA, HAIIpHUMep rpyniabl I — camMoil 60abIoi
u3 oTux rpynn. Toraa, Kak M B ciIydae OKPYsKHOCTH, eCJH dTa GopMy-
JIa TOUHA AJIs BCeX MHOTOUJIEHOB CTEIIeHU He BBIIIE 71, NHBAPHUAHTHBIX
OTHOCHUTEJILHO JAHHOU TPYIIIBLI, TO OHA TOUYHA U AJA BCEX MHOTOUYJIEHOB
CTeIeHU He Buile 72. MHOroujgeHbl, HHBAPHAHTHLIE OTHOCHUTEJILHO STOMH
IPpYNIBI, — 3TO MHOTOYJEHH! [, [y, f3, O KOTOPBEIX I'OBOPHJIOCE B Teope-
Mme IX, a Takske BCe MHOTOUJIEHBI OT 3TUX MHOTOWIeHOB. MHOrOUI€eH [, Ha
chepe mpocTO paBeH 1, MO3TOMY €ro MOKHO He IIPHHUMATh BO BHUMAaHUeE.
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B mogxopamieil cucTeMe KOOPAHMHAT BEPIINHBI HKOCA3APa MOAXONA-
ITero pasMepa — 3TO TOUKHU

(#1,£0,0), (0,#1,+tw), (f+w,0,£1),
V5+1

TAe & = —5—, & HAKH «*» 0epyTca BO BCeX BO3MOMKHBIX KOMOMHAIIHAX

(puc. 15). MHuorousensl [, 1 f3 CYTh CYMMBI COOTBETCTBYIOIIIUX CTelleHeN

Puc. 15

CKAJAPHEBIX IIPONU3BEAeHU pafyc-BeKTOPOB BEPIIHH HKOCAdAPA I TOUKH
p=(x,y,2):
f2(x,y,2) = (x + wy)® +(x — 0y)°® + (y + 02)° +
+(y — ©2)% +(z + 0x)° + (2 — 0x)8,
f3(x,y,2) = (x + oy’ +(x —y)'' + (y + w2)'' +
+(y — 02)0+ 2+ ox)'?+(z — wx)!?
(BOODOIIIE TOBOPA, UeCTHOE BEIUUCIeHHNE YKA3aHHBIX CyMM gaéT 2f, u 2f,,
HO, TaK KaK B JaJbHEHIIIeM Hac OyAyT MHTEPeCOBAThH JHIIL MHOTOUJIEHEI
OT fy 1 [3, Koo duIIeHT 2 HEe BAYKEH 1 MBI €T'0 OIIyCKAaeM).
H1s BEIUHNCIeHNS HHTerpaloB o cdepe OT MHOTOWICHOB f, U f3 A0-
KasKeM CJedVIOIIYIO 001IyIo (hopMyJay:

ok 7. A" o 12 o
@(ax+by+cz) de 2k+1(a + b* + ¢©)". (6)

0603HauYnM HCKOMBIH HHTerpa uepes I ,(a, b, ¢). lIpegnonoxum, 4T
BeKTOp (&, b, ¢) KAKMM-TO IIOBOPOTOM IIPOCTPAHCTBA IIePEBOAUTCSA B BEKTOD
(a@',b,c). Tak rak chepa mepexoguT B cebs IIpu J0O0M IIOBOPOTE, OCTA-
BJISIIOIIIEM HA MECTe €€ IIeHTD, U ILJIOIIAADL JI000T0 €€ KYCOUKa IIPH 5TOM CO-
xpansaerca, rol(a,b,c)=1,(a’,Vt',c’). C momMoIbI0 IOAXOAAIIETO IIOBOPO-
Ta BeKTOP (a, b, c) MoKeT ObITEL IepeBeiEH B JIIO00I BEeKTOP TOM Ke AJTHUHBI.
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3uauur, I,(a,b,c) 3aBUCUT TOJBKO OT AJIUHEBI BeKTOpa (a,b,c), T. e. aBad-
erca ¢pyuruueii ot a® + b2 +c?. Ianee, Ipu yMHOKeHHH BeKTOpa (@, b, ¢)
Ha J11060e YICIIO A IOABIHTEeTpaNbHaA (PYHKI[UA, a BMeCTe ¢ Hell 1 caM 1H-
Terpai, ymHokaoTes Ha A2*. CiaegosarensHo, I,(a,b,c) = p,(a®+b%+c?)*,
rae p; — HEKOTOPHI Koo dHUINeHT, He 3aBUCAINUA OT @, b, c.

YT00BI BBIYUCIHUTS P}, ZOCTATOYHO BEIYUCJINTD, Hanpumep, 1,(0,0, 1).
Tak Kak IJIOLIAAR IIIapOBOIO IIOACA eJUHIYHOrO paguyca paBHa ero BbI-
cOTe, YMHOKeHHOH Ha 2=,

47
28+1°

1
1,(0,0,1) = @z% do =2x S 22k dy =
-1

47
CiepoBaTenbHO, p), = 57 71 UTO U IOKA3EIBACT dopmyay (6).

B uactaocTH, mo GopmyJe (6) moayuaem:

8 12(x,y,2) do = T (5+ V5,

§72x,y,2) do = 5+ \5)°.

3a cuéT BBIOOpA TOUKH P, MOJKHO cAeaaTts popmyay (*¥) Tounon ana
MHOTOuJIeHA [,. [ 3TOTO Hy»KHO, 4TOOBI

folp1) = 4 8Fa(x,y,2) da = 5 (5+V6)* = (5.+2V5).

MoskHO TOACUUTATH, UTO STOMY VYCJIOBHIO YAOBJIETBOPSAET TOUYKA Py
ceprl, ABIAIOINATICA KOHIIOM pagnuyca, IIPOBEIEHHOTO uepe3 TOUKY
q=(0,0,0), roe 0 = 0,2932. Toukxa g jgexxut Ha pedpe MKOCasApa, CO-
eguHA0INeM BepmnHbl (1,»,0) n (—1,,0), u geauT ero B OTHOIIEHUU
1-0):(1+6)=1:1,83.

CnenyomuM NpensTCTBHEM SBIAETCA MHOTOWIEH f; cremeHm 10.
K cosxanennio, 3a C4éT BEIOOPA TOUKH P HEJIL3d «yOUTH» M 3TOT MHOTO-
yiaeH. Takum ob6pasoM, IpH YKA3aHHOM BHIOOpe TOUKH p; MBI IOJIyuaeM
KBaJpaTypHyO (opmyiay nopsara 9. Ilpu sToM, HOCKOJBKY TOUKA @
JIQXKUT Ha pebpe MKOCasApa, opdUTa TOUKHU p, cocrout us 60 touek, mo
IBe TOUKH Ha KaxxaoM us 30 pébep.

IIpoBenéHHOE ITOCTPOSHNE HATIOMHUHAET PACKPONKY (HyTOOJIBLHOTO M-
ya, KOTopas MoJy4YaeTcsa CIeAVIONnM oopasoM. Bo3pMéM TOUKY, Aesid-
Y0 pedpo uKocasapa B OTHoIIeHuu 1 : 2 (A0BOABHO OJAN3KYIO K HaIlei
TouKe g). Touxku e€ OpOUTHI AeJAT Kaxkgoe pebpo HKocasapa Ha TpU pas-
Hble yacTu. O0perkeM BepIIINHLI HKOCA3APA IIJIOCKOCTAMM, IPOXOAAINNMI
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yepes 5T TouKHu. Iloayunres MHOrOrpaHHuK ¢ 12-10 npaBHJILHBIME IIATH-
VIOJBHBIMHY I'paHaMu 1 20-10 IPpaBUABHLIMHY IIIECTHYTOJLHBIMI I'DAHIMHU
(puc. 16, a). IIpoerusa 5TOoro MHOTOTPAHHUKA Ha cdepy U eCTh PaCKpoi
dyrdéonpHOTO MsAua (puc. 16, 6). Touxkn opduTel, JarIeil KBaAPATYPHYIO

6)

Puc. 16

dopmyny mopaakra 9, 6JIM3KH K TOUKAM CTBIKA 3TOro pacKkpos. He nme-
eT JIM CMBICJI MCIIPABHATE PacKpoii GyTOOJIBPHOTO MAYA TaK, YTOOBI TOUKH
CTHIKA IIOIIAJH Ha VKa3aHHYIO opbuTty?

Ilna mosyueHnsa KBaApPaTYPHBIX (popMyJ 60Jiee BHICOKOTO IOPAAKA
MOKHO BMECTO OAHOI1 OpOHUTEI OpaTh HeCKOJABKO opouT. Kpome Toro, Tou-
KH PasHBIX OPOHT MOKHO YVUHTELIBATL C PA3HBIMH BECaMH.

IToit TeMe OBIJIN MOCBSAIIEHLI pabOTLI MHOTHX MaTEeMATHKOB U3 pas-
HBIX CTPaH BO BTOPOH IOJOBUHE MPOIIJIOTo (ABAAIATOI0) BeKa, MPUUEM
IMIHOHEePCKNMHA padoTaMHu B 3TOH 00JIaCTH ObLJIH padoThI POCCHIICKHX MaTe-
maTtukoB B. A. [lutkuua u JI. A. Jlrocrepuuka (1948) u C. JI. Cobosena
(1962).
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